Abstract. The cross-correlation between fluctuations in the electron scattering optical depth as probed by future Cosmic Microwave Background (CMB) experiments, and fluctuations in the 21-cm brightness temperature as probed by ground-based radio interferometers, will trace the reionization history of the universe. The measurements should yield a determination of the characteristic bubble size and ionization fraction as a function of redshift. Assuming that the measurement is limited by instrumental noise rather than by foreground, we estimate the potential detectability of this signal by upcoming experiments. The combination of HERA and Simons Observatory, CMB-S4 and PICO should yield S/N of 3 -6 and the combination of SKA with these experiments should yield S/N of 10-20.
tivity in temperature and polarization. These experiments have the potential to directly probe the patchiness in cosmic reionization by measuring non-Gaussian features imprinted on the CMB polarization [9, 10, 37] . Complementary observations from radio-arrays like Hydrogen Epoch of Reionization Array 4 (HERA) and Square Killiometer Array 5 (SKA) operating in the MHz frequency range, will measure the 21cm angular distribution and power, so providing robust constraints on the distribution of HI gas out to very high redshifts.
Since 21cm observations trace the evolution of neutral hydrogen HI and CMB observations of τ trace the evolution of ionized hydrogen, it is expected that these probes are complementary to each other [3, 4, 23] , and that their cross-correlation can greatly improve our knowledge of the cosmic reionization process. Cross-correlating τ and 21cm observations can reduce the impact on systematic effects (e.g., related to foregrounds), and provide a tomographic mapping of the reionization process, allowed by the narrow frequency resolution of the 21cm radio arrays.
In the present paper we forecast the future detectability of the cross-correlation between fluctuations in τ as probed by CMB experiments, and fluctuations in the 21cm brightness at a given redshift as probed by radio interferometers. We also investigate the power of such τ − 21 cross-correlation in probing tomographically the patchiness of the cosmic reionization.
The plan of the paper is the following: in Section 2 we describe our model of reionization; in Section 3 we define the observables entering our analysis, i.e., the 21cm brightness temperature fluctuations δT b and the optical depth for electron scattering τ , and provide the theoretical background for the τ − 21 cross correlation in terms of reionization morphology and of angular power spectrum; in Section 4 we discuss the detectability of the τ − 21 cross correlation by future CMB experiments and radio arrays, and its dependence on various parameters describing reionization history and morphology; finally, in Section 5 we summarize our findings.
Throughout this work we adopt the Planck 2018 [33] 
Fiducial model of cosmic reionization
In this Section we describe our fiducial model for the cosmic reionization history. We envisage that faint, high-redshift star-forming galaxies are the primary source of ionizing photons. Thus the ionization rate is just proportional to the cosmic star formation history:
here k ion ≈ 4 × 10 53 (M /yr) −1 is the number of ionizing photons, with the quoted value appropriate for the Chabrier IMF; f esc 10% is the (poorly constrained) average escape fraction for ionizing photons from the interstellar medium of high-redshift galaxies [see 8, 20, 26, 35] ; ρ SFR (z) is the cosmic star formation density.
For ρ SFR we follow the approach of Lapi et al. [20] and Madau & Dickinson [24] . The star formation rate is based on the joint analyses of dust-corrected UV [e.g., 6, 7] , far-IR [e.g., 15, 16, 21, 36] and radio [e.g., 29] luminosity functions down to UV magnitudes M UV −17 out to z 10 based on blank field surveys, and down to fainter magnitudes, M UV ≈ −13 at z 6 via gravitational lensing by foreground galaxy clusters [see 1, 2, 7, 22] . Because of the steep luminosity function, our assumed ρ SFR is sensitive to the limiting UV magnitudes.
The resulting ρ SFR significantly depends on the fainter UV magnitude M lim UV (or smaller SFR after M UV ≈ −18.5 − 2.5 log SF R[M yr −1 ]) considered to contribute to the ionizing background.
The competition between ionization and recombination determines the evolution of the filling factor of ionized hydrogen, Q HII [see 11, 25] :
is the mean comoving hydrogen number density. In addition, the recombination timescale reads t rec ≈ 3.
HII , where the case B coefficient for an IGM temperature of 2 × 10 4 K has been used [20] ; this timescale crucially depends on the clumping factor of the ionized hydrogen, for which a fiducial value C HII ≈ 3 is usually adopted [see 30] .
Finally, the electron scattering optical depth,τ es , is given by
where c is the speed of light, σ T is the Thomson scattering cross section, f e is the number of freeelectrons per ionized hydrogen atom (assuming double helium ionization at z 4.). Figure 1 shows the reionization history computed from our SFR density integrated down to different UV magnitude limits M lim UV , assuming a standard value f esc ≈ 6% for the escape fraction of ionizing photons. For M lim UV ≈ −13, the result (black dot-dashed line) agrees with the UV value of the optical depth for electron scattering τ ≈ 0.054 recently measured by the Planck [33] . For reference, the dotted line represents the optical depth expected in a fully ionized Universe up to redshift z; this is to show that the bulk of the reionization process occurred at z ∼ 6 − 8 [see 38] .
Adopting M lim UV ≈ −17 corresponds to the observational limits of current blank-field UV surveys at z 6 and the optical depth (black solid line) approaches the lower boundary of the 2σ region allowed by Planck data. On the other end, assuming M lim UV ≈ −12 makes the resulting optical depth (black dashed line) to approach the upper boundary of the 2σ region from Planck measurements. We will exploit these three reionization histories, bracketing the Planck measurements, in the τ − 21 cross-correlation analysis.
τ -21 cross correlation
In this Section we discuss how patchy reionization generates fluctuations in the optical depth as well as in the 21 cm brightness temperature.
Basic quantities: δτ and δT b
The optical depth of the neutral hydrogen medium to the hyperfine transition,τ 21 , is given by [12] ,
Here ν 21 is the rest-frame frequency of the 21cm hyperfine transition line, A 10 = 2.85 × 10 −15 s −1 is the spontaneous emission coefficient, T S is the spin temperature which regulates the intensity of the radiation, n H is the neutral hydrogen density and x H is the neutral hydrogen fraction.
The 21cm brightness temperature fluctuation, δT b , is the difference between the redshifted 21cm brightness temperature, T b (z), and the redshifted CMB sky-averaged temperature, T CM B (z) = T 0 (1+ z) K, where T 0 ≈ 2.73 K is the CMB temperature at z = 0. For small values of the optical depth δT b is given by [14] 
During the reionization process, both the neutral hydrogen fraction, n H , and the optical depth, τ 21 , depend on the line of sight direction,n, implying the same for δT b . Eq. (3.2) can be recast into [27] 
3) Figure 1 : Reionization history of the Universe, in terms of the redshift evolution of the optical depth τ for electron scattering. Thick solid, dot-dashed and dashed lines represent our fiducial model for the SFR density integrated down to UV-magnitude limits MUV ≈ −17, −13, and −12, respectively. For reference, the dotted line refers to a fully ionized universe up to redshift z. The green line shows the measurement (with the 1σ and 2σ uncertainty regions highlighted by the dark and light green areas respectively) from the Planck collaboration 2018 [33] .
here δ b is the baryon overdensity and Y P is the primordial helium fraction. Free electrons generated at the reionization epoch come from both hydrogen and helium ionization, so that
On the other hand, the CMB sky-averaged optical depth for electron-scattering is proportional to the free electron density along the line of sight:
where
is the mean free electron number density in terms of the present number density of protons n p0 .
From the physical point of view τ probes the free electron density (via x e ) whereas δT b probes the neutral hydrogen density (via x H ) along the line of sight; thus it is easily understood that these quantities are complementary to each other and and are related by x e (z) = 1 − x H (z). As a consequence, fluctuations δT b in the 21cm brightness temperature are connected to fluctuations δτ in the optical depth; such a link can be expressed for T S > T CM B as [18, 27] 
This relation is routinely exploited to build the halo model of the τ − 21 cross-correlation presented below, that we will then use to forecast the detectability of the signal.
Morphology of reionization
In order to express the fluctuations δτ and δT b in a dimensionless way, we introduce the brightness temperature field Ψ and ionization fraction field X:
We assume the standard picture envisaging that ionizing sources (e.g., galaxies in our framework) start to ionize the surrounding regions via closely spherical bubbles. As time passes, ionized bubbles progressively overlap and then merge with each other, inducing a complete reionization of the Universe. For the sake of definiteness and simplicity, we describe the morphology of the process by assuming a log-normal distribution of the bubble sizes, characterized by a meanR and by a 1σ dispersion σ lnr ; in formulas, the size distribution reads
The three-dimensional power spectrum of the cross correlation between the fluctuation field δΨ and δX can be decomposed into two terms:
where P 1b δXδΨ is the 1-bubble contribution coming from the distribution of neutral and ionized regions inside an individual bubble, and P 2b δXδΨ is the 2-bubble contribution from regions located in different bubbles.
The 1-bubble term can be expressed as [42] 10) where the quantity α(k) and β(k) are given by 12) and involve the matter power spectrum P (k), the volume of V (R) = 4 3 πR 3 of a bubble with size R, and a filtering window function (Fourier transform of a tophat in real space) expressed as;
We adopt the approximation from [42] and calculate β(k) as 14) in terms of the mass variance σ R of the matter power spectrum filtered on the scale R. In addition, the 2-bubble term is given by 15) where γ(k) is defined as 16) and involves the clustering bias b of the ionized bubble with respect to the spatially-average matter density. Hereafter we consider a linear bias with a fixed value b ≈ 6 [42] .
Angular Power Spectrum
We now translate the above three-dimensional expressions into an angular power spectrum on the sky, by the usual multipole expansions via spherical harmonics Y m . For the 21cm brightness temperature fluctuations the harmonic coefficients are given by
here χ is the comoving distance to redshift z, and W χ (z obs ) is an observational Gaussian band filter centered at z = z obs . It accounts for the fact that any ground-based radio array has a narrow frequency resolution, that in turn determines a resolution in redshift or comoving distance 19) this is relevant in empowering a tomographic analysis of the cross-correlation signal. In the Limber approximation the auto-power spectrum is written then as 20) where P δΨδΨ is the power spectra of the 21cm fluctuations δΨ. For the optical depth field the harmonic coefficients are given by
The related angular auto power spectrum can be written as:
where P δXδX is the power spectra of the free electron density fluctuations δX. Finally, the cross-correlation angular power spectrum reads
and in terms of the usual C coefficients can be written as [27] 
We show in Figure 2 the auto and angular power spectra C τ τ , C 2121 and |C τ 21 | at redshift z ≈ 7 for the Planck best fit determination of the spatially-averaged optical depth τ ≈ 0.054, and bubble size distribution with parametersR = 5 Mpc and σ lnr = log(2). In the cross-correlation we have highlighted the 1-and 2-bubble contribution, that dominates the overall power spectrum at small (large) and large (small) scales (multipoles), with a crossing around the multipole corresponding to the average bubble size divided by cosmological distances. In Figure 3 , the τ − 21 cross spectrum is illustrated as a function of redshift, for the same parameters reported above. The cross correlation signal is negative, featuring an inverse bell shape with a minimum at around the multipole corresponding to the average size of the ionizing bubbles, and a width mirroring that of the bubble size distribution. The depth of the minimum is maximal at the redshift where the ionizing fraction is around 50% and then becomes shallower in moving at lower and at higher redshift; the cross power spectrum vanishes in a completely neutral or completely ionized Universe. These two figures show that measurements of the cross-spectrum would yield the detailed ionization history of the Universe.
CMB

Detectability of τ − 21 cross correlation
We now turn to discuss the detectability of the τ −21 cross correlation. The uncertainty of the angular cross power spectrum can be calculated as
where f sky is the observed sky fraction, C τ τ and C 2121 are the optical depth and 21cm brightness temperature fluctuation auto power spectra, corresponding to the reionization history and morphology described in previous Sections, and N τ τ , N 2121 are the corresponding noise power spectra. Fluctuations in τ are probed through measuring the amplitude of E −B polarization correlations: the noise associated with this term is expressed by the reconstruction noise N τ τ . Following Dvorkin & Smith [9] , we compute N τ τ . This term depends on both the reionization history and morphology, as well as on the instrumental noise of a given CMB experiment. The latter is given by
where ∆ P is the noise of the polarization detector in units of µK-arcmin (which is √ 2 times bigger than the detector noise for temperature), and Θ f is the FWHM of the beam. Using this instrumental noise, we compute N τ τ following the prescription by [9] . N 2121 should include both the radiometer noise and a noise contribution from 21cm foreground. Since the foreground noise is poorly understood, we will ignore it here. This makes our signal to noise ratio (SNR) estimates optimistic and dependent on the ability of the 21cm experiment to remove foregrounds. [mK] The Signal to Noise Ratio (SNR) for the detectability of the C τ −21 cross correlation signal is computed, in cumulative terms, as [41] S N
at the redshift z where the C τ −21 is probed, that is determined by the observational frequency of the 21cm experiment.
The detectability of the τ − 21 power spectrum is investigated for the experiments listed in Table  1 (CMB) and Table 2 (radio arrays). All the following plots refer to redshift z ∼ 7 and the reference combination of CMB-S4 plus SKA experiments.
In Figure 4 , we show the detectability of the cross correlation signal as a function of the observed sky fraction. While future CMB experiments will observe more than 40% of the sky, 21cm observations will be limited to a smaller portion of it (≈ 1 − 10%). The SNR of the cross correlation increases as f sky in terms of the common sky fraction, so it is basically limited by the 21cm observations, and amounts to SNR ∼ 5.5 − 24.6 for f sky ∼ 1% − 20%. Even with a sky fraction of a few percent, the global cross-correlation signal is detectable at more than 5σ; for sky fractions larger than 10% it will be possible to pick up the signal in the multiple range around the minimum of the cross-correlation at more than 3σ.
In Figure 5 and 6 we illustrate how the detectability of the τ − 21 cross-correlation depends on the parameters describing the reionization morphology, i.e the mean bubble sizeR and the variance of its (Gaussian) distribution σ lnr . Figure 5 shows that the cumulative SNR is marginally affected by those parameters; e.g., the SNR changes by ∼ 3% whenR increases from 1 to 10 Mpc. However, the distribution of bubbles imprints clear signatures in the cross power spectrum ( + 1) C τ 21 ; as already mentioned, the position of the minimum occurs at a multipole corresponding to the average bubble size, and its extent scales proportionally to the width of the bubble distribution. From this point of view, precision measurements of the cross power spectrum can pose constraints to the morphology of the reionization history.
In Figure 7 we investigate how the detectability of the cross-correlation is affected by assuming different values of the spatially-averaged optical depth for electron scattering. Specifically, we vary τ in the range 0.047 − 0.054 − 0.061 that brackets the 1σ constraints by the Planck experiment. The cross power spectrum and cumulative SNR are slightly modified for τ > 0.054 while they drastically changes for τ < 0.05 since for such low values of the optical depth the reionization process is far from being completed at the redshift z ≈ 7 plotted here.
In Figure 9 we forecast the detectability of the τ − 21 cross-correlation for different combination of future CMB (CMB-S4, PICO, Simon Observatory) and 21cm experiments (HERA, SKA), whose features are listed in Table 1 
Summary and Outlook
We have investigated the future detectability of the cross-correlation between fluctuations in the electron scattering optical depth τ as probed by CMB experiments, and fluctuations in the 21-cm brightness temperature, as probed by ground-based radio interferometers. Future measurements of the τ −21cm cross-correlation will probe the evolution of the morphology of the cosmic reionization process, thus, shedding light on the properties of the primeval astrophysical sources, and on the distribution of ionized and neutral matter. The τ −21cm cross-correlation features an inverse bell shape with a minimum at around the multipoles corresponding to projection on the sky of the average size of the ionizing bubbles, and a width resulting from the bubble size distribution. The depth of the minimum is maximal at the redshift where the ionizing fraction is around 50% and then becomes shallower at lower and at higher redshift. The cross power spectrum vanishes in a completely neutral or completely ionized Universe. We have computed the cumulative SNR expected for the τ − 21cm cross-correlation by combining future CMB experiments probing τ (specifically, CMB-S4, PICO and Simons Observatory) with ground-based radio-arrays probing 21cm brightness temperature (specifically, HERA and SKA). We Tables 1 and 2. have obtained cumulative SNR larger than 5 for most of the cross configurations, with an optimal SNR around 20 from PICO and SKA. The detectability of the cross spectrum is weakly dependent on the parameter specifying the reionization morphology (the bubble size distribution), and on the spatially-averaged value of τ (at least for τ > 0.05). On the other hand, the SNR is strongly sensitive to the sky fraction f sky commonly covered by CMB and 21cm experiments; for f sky ∼ 1 − 20%, the cumulative SNR increases from values around 5 to about 25. The detailed shape around the minimum can be probed with significances greater than 3σ only when f sky exceed 10%.
Future developments of this work will concern: (i) detailed modeling of the foregrounds affecting the 21cm observations; (ii) using state-of-the-art numerical simulations to describe the reionization morphology in place of our simple analytic bubble size distribution; and (iii) MCMC analysis to quantitatively address the potential of τ − 21cm cross-correlation in reconstructing the parameters describing the astrophysics of primeval ionizing sources and the reionization morphology.
